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Curve counting theories via stable objects H: 
DT/ncDT/flop formula 
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Abstract 



o 
o 

(N 

Qh< The goal of the present paper is to show the transformation formula of Donaldson- 

[ Thomas invariants on smooth projective Calabi-Yau 3-folds under birational trans- 

formations via categorical method. We also generalize the non-commutative Donaldson- 
. Thomas invariants, introduced by B. Szendroi in a local (—1, — l)-curve example, to 

an arbitrary flopping contraction from a smooth projective Calabi-Yau 3-fold. The 



transformation formula between such invariants and the usual Donaldson-Thomas 
invariants are also established. These formulas will be deduced from the wall- 
crossing formula in the space of weak stability conditions on the derived category. 

1 Introduction 



< 



CN ■ This paper is a sequel of the author's previous paper [30], and study the generating se- 
^ ! ries of Donaldson-Thomas (DT for short) type invariants via categorical method. The 
^ I main result is to show the transformation formula of our generating series under bira- 
tional transformations of Calabi-Yau 3-folds, and the generalized McKay correspondence 
introduced by Van den Bergh [7j. We use the space of weak stability conditions on 



^ ■ triangulated categories, which generalizes Bridgeland's stability conditions |5j, and the 
^ . wall-crossing formula of the generating series due to Joyce and Song [TT] , Kontsevich and 



Soibelman [TSl. 



1.1 Motivation 

Let X be a smooth projective Calabi-Yau 3-fold over C, i.e. the canonical line bundle 
A^T^ is trivial. Let 

(f): X+ — ^ X, 

be a birational map between smooth projective Calabi-Yau 3-folds. The purpose of this 
paper is to compare curve counting theories on X and via categorical method, i.e. 
effectively use an equivalence of bounded derived categories of coherent sheaves by Bridge- 
land 0], 

$ : D^(Coh(X+)) ^ D\Coh{X)). (1) 
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The problem of comparing curve counting invariants under birational transformations has 
been studied in |22], [17], [20], [11] for Gromov-Witten invariants and in [9J for DT in- 
variants, via exphcit calculations or using J. Li's degeneration formula. The categorical 
approach for the above problem is studied by the author in [HI] for (a kind of approxima- 
tion of ) Gopakumar-Vafa invariants. In this paper, we give a categorical understanding 
of transformation formula of DT invariants under birational maps using the equivalence 

Recall that a flop is a birational map 0: --->■ X which fits into a diagram. 



where F is a projective 3-fold with only Gorenstein singularities, /, are birational mor- 
phisms isomorphic in codimension one, and the relative Picard numbers of /, are one 
respectively, (cf. Definition 12. 131 ) It is well-known that any birational map 0: X 
between smooth projective Calabi-Yau 3-folds is decomposed into a composition of flops, 
thus our problem is reduced to the case of a flop. In this case, M. Van den Bergh [7] shows 
that there is a sheaf of non- commutative algebras Ay on Y and a derived equivalence, 

^ : D\Coh{AY)) ^ D\Coh{X)). (3) 

(In fact there are two such sheaves of non-commutative algebras My for p = 0,-1. Here 
we put Ay = ^Ay. See Theorem I2.22[ ) We also introduce an analogue of DT-invariant 
for the non-commutative scheme {Y,Ay), which generalizes Szendroi's non-commutative 
DT (ncDT for short) invariant for a local (—1, — l)-curve example. It is introduced in [27] 
and some other local examples are studied in [35], [23], [21]. Our invariant is interpreted 
as a globalization of the local ncDT-invariant. We consider the generating series of our 
invariants, and establish the formula which relates global ncDT-invariants of {Y, Ay) 
to usual DT- invariants of X and X~^. This result answers the problem addressed by 
Szendroi [271 Section 3.5]. 

1.2 Donaldson- Thomas theory 

Let us briefly recall the Donaldson- Thomas theory. For a smooth projective Calabi-Yau 
3-fold X, take P G H2{X,Z) and n G Z. Let In{X,P) be the Hilbert scheme of curves on 

subschemes C (Z X, dim C < 1 
with [C] = (3, xiOc) = n. 

The moduli space In{X,j3) is projective and has a symmetric obstruction theory [28] . 
The associated virtual fundamental cycle has virtual dimension zero, and the integration 
along it defines the DT-invariant, 

In,(3 = [ 1 G Z. 

J[/„(X,/3)vir] 



In{X,(3) 
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Another way of defining DT-invariant is to use Befirend's microlocal function [T]. For an 
arbitrary scheme M, Behrend associates a constructible function, 

z/M : M Z. 

The function um has the property that if M has a symmetric obstruction theory, then the 
integration of the virtual fundamental cycle coincides with the weighted Euler character- 
istic, 

/ l = x{M,UM):=J2nxiullin)). (4) 

We consider the generating series, 

DT(X):=5^4,^xV, 

DTo(X) := ^ 4,0a;" = M(-x)^(^), (5) 



n,/*/9=0 

where f:X F is a flopping contraction as in the diagram (12T]) . and M{x) is the 
MacMahon function, 

M{x) = -x^')"''- 

k>l 

The formula (E]) for DTo(X) is estabhshed in p], [E], [IE]. By the MNOP conjecture [21], 
the reduced series 

are expected to coincide with the generating series of Gromov-Witten invariants after a 
suitable variable change. 

1.3 Non- commutative Donaldson-Thomas theory 

The following example is worked out by Szendroi p?]. Let Y be the conifold singularity, 

Y = {xy + zw = 0) C C^ 

and f : X ^ Y , : X+ — > Y blow-ups at ideals {x,z) C Oy, {x,w) C Cy respectively. 
This gives an example of a (local) flop. 




Y. 
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The exceptional loci of /, are smooth rational curves C G X, C whose normal 
bundles are isomorphic to 1)®^. There is a local version of the equivalence ([3]), and 

the (9y-algebra Ay is the path algebra of the following quiver, 



01,02 



bi,b2 

with relation defined by the derivations of the potential W, 

W = ai6ia2&2 — aih2a2hi. 

For a dimension vector v = (fi,f2) G Z®^, the moduli space of framed Ay-representations 
M = (M,, a,, 6,, -u) is denoted by Ai^,. Here w = (dim Mi, dimM2) and u G Mi generates 
Ml © M2 as an Ay-module. The integration of the virtual fundamental cycle yields the 
ncDT invariant, 



AnMc]= / IGZ. (7) 



The transformation rule between numerical classes on X and dimension vectors on Ay is 
determined by the equivalence (JSj). We have the associated generating series. 



DTo(Ay)=^A„,^[C]xV 



n.m 



The following formula is conjectured by Szendroi [27j and proved by Young [36j, Nagao 
and Nakajima |25j . 

Theorem 1.1. |36| . |25] We have the formula 



DTo(Ay) = M{-xY 11(1 - {-xfy f - {-xfy'^)\ 

k>l k>l 

= DT(X/F) ■ 0, DT'(X+/F). (8) 

Let us return to the situation of an arbitrary flopping contraction f : X —>■ Y from a 
smooth projective Calabi-Yau 3-fold X. For /3 G H2{X,Z) and n G Z, we will introduce 
a global version of the ncDT invariant, 

A„,/3 G Z, 

in Definition 12 . 3 71 as a generalization of the invariant ([7j). The invariant A„^^ counts cyclic 
Ay-modules F, satisfying dim Supp \E'(F) < 1 and 

via the equivalence i^. If 7^ 0, then such a cyclic Ay-module is not of finite dimen- 
sional as a C-vector space. The associated generating series are defined by 

DT(Ay) :=^A„,^xV, 

n,f3 

DTo(Ay):= J2 ^",;3XV- 
n,/*/3=0 
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1.4 Main result 



Let / : X — > y be a flopping contraction from a smootli projective Calabi-Yau 3-fold X 
to a singular 3-fold Y , and 0: X its flop as in the diagram (PT|) . Using the results 

of [HUl Section 8], which relies on the results of [IT] and [3], we will prove the following. 

Theorem 1.2. [Theorem 15.61 Theorem 15.71 Theorem 15. 8| We have the following 
formula, 

DT(X/r) =2o0,DT(X+/r), (9) 

DTo(Ay) = DT(X/F) ■ 0, Dr(X+/r), (10) 
DT(X) DT(Ay) DT(X+) 

DT(X/r) DTo(Ay) '^*DT(X+/y)' ^ ' 

Here the variable change is (j)^{P,n) = (0^,/?,n) and i{P,n) = (— /?,n). 

Note that and the equality 

DT(X) _ DT(X+) 
DT(X/r) ~ '^*DT(X+/F)' 

given in fill I) are proved by J. Hu and W. P. Li [9]| in the case of a flop at a (—1, — 1)- 
curve, using J. Li's degeneration formula. Also in this case, the equality (ITOl) is just the 
formula (IHl). The equahty (ITOl) together with the first equality of (ITTi) yields 

DT(Ay) = DT(X) ■ 0,Dr(X+/r), 

which is interpreted as a global version of the formula ([H]). 

Our proof is based on the analysis of weak stability conditions on the triangulated 
category, 

Vx = (Ox,Coh<i(X))tr C D^(Coh(X)), 

i.e. Vx is the smallest triangulated subcategory of -D^(Coh(X)), which contains Ox 
and E G Coh(X) with dimSupp(i?) < 1. We will construct the generating series of 
counting invariants of semistable objects, and see how such series vary under change of 
weak stability conditions. We will construct weak stability conditions on T>x explicitly, 
and apply the wall-crossing formula given in [301 Section 5, Section 8]. 



1.5 Content of the paper 

In Section [2], we introduce some notions which is used in this paper. In Section [3l we 
construct weak stability conditions on the triangulated category Vx- In Section HI we 
investigate relevant semistable objects. In Section 0, we give a proof of Theorem II. 2[ In 
Section [6], we prove some technical lemmas. 

^At the moment the author writes the first draft of this paper, the result of [3] is not yet written. 
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1.7 Notation and convention 

In this paper, all the varieties are defined over C. For a triangulated category V, the shift 
functor is denoted by [1]. For a set of objects S C V, we denote by {S)tr C V the smallest 
triangulated subcategory of "D which contains 5*. Also we denote by {S)ex C V the smallest 
extension closed subcategory of V which contains S. For an abelian category A and a set 
of objects S C A, the subcategory (5')cx C ^ is also defined to be the smallest extension 
closed subcategory of A which contains S. The abelian category of coherent sheaves is 
denoted by Coh(X). We say F G Coh(X) is d- dimensional if its support is (i- dimensional. 
The bounded derived category of coherent sheaves is denoted by D''(Coh(X)). For an 
object E e D\Coh{X)) and i e Z, we denote by W{E) e Coh(X) the i-th cohomology 
ofE. 

2 Preliminaries 

In this section, we introduce some notions which will be used in later sections. 
2.1 Generalities on weak stability conditions 

Here we collect definitions and properties of weak stability conditions on triangulated 
categories introduced in [301 Section 2]. This is a generalized notion of Bridgeland's 
stability conditions on triangulated categories [5j. Let V he a triangulated category, and 
K{T>) the Grothendieck group of T). We fix a finitely generated free abelian group F, and 
its filtration, 

ocrocri---crAr = r, (12) 

with each subquotient 

Hi = r,/r,_i, (0 < z < X) 

a free abelian group. We also fix a group homomorphism, 

cl: K{V) — > F. 

We set := Homz(]HIj, C) and fix a norm ||*||j on Elj ®z I^- For an element 

N 
i=0 
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and f G r, we set 

Z{v):=Zm{[v])eC, 

where < m < satisfies v G \ r^-i, and [v\ is the class of v in Hm- Here we set 
r_i = 0. Also we define := ||[f]||m- Below we write c\{E) G F just as E & V when 
there is no confusion. 



Definition 2.1. A weak stability condition on P is a pair a = {Z,V), 



N 



zeUm'^, V{<p)cv, (0G 



(13) 



i=Q 



where V{(f)) is a full additive subcategory of V, which satisfies the following axiom. 

• For any G M, we have V{(f))[l] = V{(f) + 1). 

• For Ei G V{(f)i) with 0i > 02, we have Hom(_E'i, E2) = 0. 

• (Harder-Narasimhan property): For any object E & V, we have the following 
collection of triangles: 



= ^n 



E, 



E, 




> 



[11 

Fi F2 
such that Fj G V{(t)j) with 0i > 02 > ■ 
For any non-zero E G P(0), we have 

Z{E) G M>oexp(m<; 





E 



(14) 



(Support property): There is a constant C > such that for any non-zero 
E ^ U<AeM^(</')' we have 



\\E\\<C\Z{E)\. (15) 

• (Local finiteness condition): There exists 77 > such that for any G M, the 

quasi-abelian category P((0 — r/, + 77)) is of finite length. 

Here for an interval / C M, the subcategory V{I) C V and the subset C„{I) C F are 
defined to be 



P(J) = (P(0) : G /)ex C V, 
a(/) = im{cl: P(/) ^F}. 



(16) 



If / = (a, 6) with b — a < 1, then P(/) is a quasi-abelian category (cf. [5, Definition 4.1],) 
and V{I) is said to be of finite length if V{I) is noetherian and artinian with respect to 
strict epimorphisms and strict morphisms. See |5l Section 4] for more detail. 

Another way of defining weak stability conditions is using t-structures. The readers 
can refer |5j for bounded t-structures, and their hearts. 
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Definition 2.2. Let A G V he the heart of a bounded t-structure on a triangulated 
category V. We say Z G Ililo^i' ^ weak stability function on A if for any non-zero 
E E A, we have 

e ^ .-= {rexp(z7r(/)) : r > 0, < (/> < 1}. (17) 
By (fT7|) . we can uniquely determine the argument, 

argZ(E) e (0,7r], 

for any 7^ i? G For an exact sequence 0—*F-^E^G—>-OmA, one of the 
following equalities holds. 

argZ(F) < argZ(E) < argZ(G), 
argZ(F) > argZ(E) > argZ(G'). 

Definition 2.3. Let Z e Hf^^ be a weak stability function on A. We say E e A 

is Z-semistable (resp. stable) if for any exact sequence 0— >Owe have 

argZ(F) < argZ(G'), (resp. argZ(F) < argZ(G).) (18) 

The notion of Harder-Narasimhan filtration is defined in a similar way to usual stability 
conditions. 

Definition 2.4. Let Z G Hilo^i' ^ weak stability function on A. A Harder- 
Narasimhan filtration of an object G ^ is a filtration 

= C El C ■ • ■ C Ek-i CEk = E, 

such that each subquotient Fj = Ej/Ej_i is Z-semistable with 

argZ(Fi) > argZ(F2) > • ■ ■ > argZ(Ffe). 

A weak stability function Z is said to have the Harder-Narasimhan property if any object 
E E A has a Harder-Narasimhan filtration. 

We will use the following proposition, (cf. [30, Proposition 2.12].) 

Proposition 2.5. Let Z G Hilo^i^ weak stability function on A. Suppose that the 
following chain conditions are satisfied. 

(a) There are no infinite sequences of subobjects in A, 

• • • C Ej+i C Ej C ■ ■ ■ C E2 C El 

with aigZ(Ej^i) > arg Z{Ej/Ej+i) for all j . 

(b) There are no infinite sequences of quotients in A, 

El E2 ■ ■ ■ Ej ^ Ej^i — » ■ • • 

with argZ(ker7rj) > aigZ^Ej^i) for all j . 

Then Z has the Harder-Narasimhan property. 
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We have the following proposition, (cf. [S", Proposition 5.3], [301 Proposition 2.13].) 

Proposition 2.6. Giving a pair {Z, V) as in [W\] satisfying ( [7^ is equivalent to giving 
a hounded t-structure A on V and a weak stability function on its heart with the Harder- 
Narasimhan property. 

The correspondence in the above proposition is given as follows. Given a pair (Z, V) 
satisfying dHl), we set A to be 

^ = P((0, 1]) C V. 

Conversely given the heart of a bounded t-structure A dV and a weak stability function 
Z on A, we set V^cj)) to be the following full additive subcategory of A, 

, - _ / 77. A is Z-semistable with 
I [(t)) = y^eA: ^^^^ ^ M>oexp(i7r0) 

Below we write an element of Stabr. (2^) either as (Z, V) or (Z, A), where (Z, V) is a pair 
ffT^ and {Z,A) is given as in Definition 12.21 Let Stabp. (I^) be the set of weak stability 
conditions on T>. The following theorem is given in [SUl Theorem 2.15], as an analogue 
of [SI Theorem 7.1]. 

Theorem 2.7. [301 Theorem 2.15] The map 



N 



U : Stabr.(2^) ^ {Z,V) ^ — > Z G JJe! 



V 
i 1 



i=0 



is a local homeomorphism. In particular each connected component o/Stabr. (I^) is a 
complex manifold. 

We will need the following two lemmas. The first one is proved in [30l Lemma 7.1]. 

Lemma 2.8. |30L Lemma 7.1] Let A he the heart of a hounded t-structure on T>, and 
iT,J^) a torsion pair (cf. Definition \2.14\ ) on A. Let B = (JF[l],T)ex the associated 
tiltmg. (cf. Let 

N 

[o,i)3t^z,el[ml 

i=0 

he a continuous map such that at = {Zt,A) for < t < 1 and ctq = {ZiqiB) determine 
points in Stabr. (T'). Then we have limf^o c^t = ctq- 

The second one is a compatibility of the weak stability conditions via equivalences of 
triangulated categories. The proof is straightforward, and we omit the proof. 

Lemma 2.9. Let T>' he another triangulated category together with similar additional 
data cl': K{T>') T' and a filtration F', as in [T^) . Suppose that $: "D ^ "D' gives an 
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equivalence of triangulated categories such that there is a filtration preserving isomorphism 
$r : r, — r', which fits into the following commutative diagram, 

K{V)^KiV') (19) 



cl 



cl' 



<J)p 

r -^v. 

Then there is an isomorphism : Stabr. (X') Stabp; ("P') such that the following dia- 
gram commutes, 

Stabr.(P)^^Stabr'.(2^') 

n' 

2.2 Terminology from birational geometry 

In what follows, we assume that X is a smooth projective Calabi-Yau 3-fold over C, i.e. 
the canonical line bundle A^T^ is trivial. (We do not assume the simply connectedness 
oi X.) Here we introduce standard terminology in birational geometry, for example used 
in [El Definition 1.1]. 

Let 5* be a projective variety with a morphism f : X ^ S. Two divisors Di, D2 on 
X are called numerically equivalent over 5* if and only ii Di ■ C = D2 ■ C for any curve 
C d X with /*[C] = 0. Similarly, one-cycles Ci, C2 on X contracted by / are numerically 
equivalent if and only if D ■ Ci = D ■ C2 for every divisor D on X. 

Definition 2.10. We define abelian groups N\X/S), Ni{X/S) to be 

N^{X/S) := {Divisors on X}/ (numerical equivalence over S), 

Ni{X/S) := {One-cycles on X contracted by /}/(numerical equivalence). 

By the definition, there is the perfect pairing, 

N\X/S)r X Ni{X/S)u 3{D,C)i — yD-C eR. 

Definition 2.11. We define the ample cone A{X/S), the complexified ample cone 
A{X/S)c, and the semigroup of effective one-cycles NE{X/S) to be 

A(X/S) := {Numerical classes of /-ample M-divisors } C N'^{X/ S)m., 
A{X/S)c •■= {B + iue N\X/S)c : 00 G A{X/S)}, 
NE(X/5) .■= {Effective one-cycles contracted by /} C Ni{X/S). 

For e Ni{X/S), we write /5 > /5' if /5 - /5' G NE(X/5). When S = SpecC, we 
write 

(X) : = (X/ Spec C) , Xi (X) : = Xi (X/ Spec C) , 
etc, for simplicity. We set X<i(X) to be 

X<i(X) :=Z©Xi(X). 
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Definition 2.12. A birational morphism / : X — > F is called a flopping contraction if 
the following conditions are satisfied. 

• / is isomorphic in codimension one, and Y has only Gorenstein singularities. 

• We have dim^N\X/Y)^ = 1. 

Let / : X — > y be a flopping contraction. The exceptional locus C C X is a tree of 
rational curves, 

C = CiUC2U---UCjv, Ci^F\ 

(See for example [3, Lemma 3.4.1].) By the second condition of Definition 12.121 there is 
a relative ample divisor H on X such that 

N\X/Y) = R[H], A{X/Y) = Ryo[H]. (20) 

Definition 2.13. Let / : X — >■ F be a flopping contraction. A flop of / is a birational 
map 0: X+ --^ X, which fits into a diagram 

X+ ^ -X (21) 




such that /"^ is also a flopping contraction with / o = /+, and is not an isomorphism. 

It is well-known that a flop is unique if it exists, and any birational map between 
smooth projective Calabi-Yau 3-folds is decomposed into a finite number of flops, (cf. [T3l 
Theorem 1].) For a flop 0: X+ --->• X, we have the linear isomorphisms, 

0, : N\X+/Y)^ ^ N\X/Y)^, (22) 

0,: Xi(x+/r)M ^ Xi(x/r)M, (23) 

where ( j22l) is the strict transform of divisors, and (1231) is the inverse of the dual of (l22l) . 
Note that 0^ takes A{X+/Y) to -A(X/r) and takes NE(X+/r) to -NE(X/r). 

2.3 t-structures and tilting 

Let V he a triangulated category, and A C V the heart of a bounded t-structure on V. 
Here we recall the notion of torsion pairs and tilting. 

Definition 2.14. [S] Let {T be a pair of full subcategories of A. We say {T ,J^) is a 
torsion pair if the following conditions hold. 

• Hom(r, F) = for any T G T and F G J^. 

• Any object E E A fits into an exact sequence, 

— >T — > E — > E — >0, (24) 

with T G T and F G J^. 
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Given a torsion pair (T, ^) on A, its tilting is defined by 



■ 7^^4(E)=0forz^{-l,0}. / 



(25) 



i.e. A"^ = (JF[l],T)ex in 1^- Here 7i^(*) is the i-th cohomology functor witli respect to 
tlie t-structure witli lieart A. It is known tliat A^ is tlie lieart of a bounded t-structure 
on V. (cf. [HI Proposition 2.1].) Later we will need the following lemma. 

Lemma 2.15. Let A G V be the heart of a bounded t-structure on a triangulated category 
T). Suppose that A is a noetherian abelian category. 

(i) Let T G A be a full subcategory which is closed under extensions and quotients in 
A. Then for JF = {E G A : Hom(T, E) = 0}, the pair (T, JF) is a torsion pair on A. 

(a) Let G A be a full subcategory which is closed under extensions and subobjects 
in A. Then for T = {E G A : Hom(£', JF) = 0}, the pair (T, J-') is a torsion pair on A. 

Proof. We only show (i), as the proof of (ii) is similar. Take E G A with E ^ J-". Then 
there is T e T and a non-zero morphism T ^ E. Since T is closed under quotients, we 
may assume that T — > ii^ is a monomorphism in A. Take an exact sequence in A, 

— — > E — > F — ^0. (26) 

By the noetherian property of A and the assumption that T is closed under extensions, 
we may assume that there is no T C T' C -E with T' G T. Then we have F G and fl2Ul) 
gives the desired sequence (Ell). □ 



2.4 Notation of abelian categories 

Here we give some notation of abelian categories which will be used in this paper. 

Definition 2.16. Let A be a sheaf of O^-algebras on a variety X, which is coherent as 
an Ox-module. We denote by Coh(A) the abelian category of right coherent A-modules. 
For an object E G Coh(A), the support of E is defined to be the support of E as an 
Ox-module. We set 



Coho(A) = {Eg Coh(v4) 
Coh<i(A) = {Eg Coh(A) 
Coh>2(A) = {Eg Coh(A) 



dimSupp(£') = 0}, 
dimSupp(E) < 1}, 
Hom(Coh<i(A),E) = 0}. 



If A = Ox, we write Coh,(Ox) as Coh.(X). 

By Lemma [2.151 the pair (Coh<i(y4), Coh>2(A)) is a torsion pair on Coh(y4). 
Definition 2.17. We define Coh\A) to be the tilting with respect to (Coh<i(A), Coh>2(A)), 



I.e. 



Coht(A) = (C0h>2(A)[l],C0h<i(A))e.. 

UA = Ox, we write Coh\Ox) as Coh\X). 
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2.5 Derived equivalence under flops 

Let f : X ^ Y he a flopping contraction from a smootli projective Calabi-Yau 3-foId 
X. (cf. Definition 12.121 ) In this situation, Bridgeland [4J associates the subcategories 
pPer(X/r) on D\Co\i{X)) for p = 0, -1, as follows. 

Definition 2.18. We define PPer(X/r) C D\Coh{X)) for p = 0,-l to be 

where C = {F e Coh(X) | R/,F = 0}. We also define ^'Pero(X/r) and PPer<i(X/F) to 
be 

PPero(X/r) = G PPer(X/F) : dimSuppR/*^ = 0}, 
^'Per<i(X/r) = {Ee PPer(X/y) : dimSupp(E) < 1}. 

Remark 2.19. By the definition, it is easy to see that 

Cx e PPer(X/F), p = 0,-l. 

It is proved in ^ that ^Per(X/y) are the hearts of bounded t-structures on D^{Coh{X)), 
hence they are abelian categories. The categories ^PeT<i{X/Y) are also the hearts of 
bounded t-structures on D^{Coh.<i{X)). (cf. [311 Proposition 5.2].) The generators of 
^Per<i(X/F) are described as follows. Let Ci, ■ ■ ■ ,Cn- C X be the irreducible compo- 
nents of the exceptional locus of /. We have the following. 

Lemma 2.20. The abelian categories ^PeT<i{X/Y) are described as 

°Per<i(X/F) = (cu^-i(,)[l],Oc,(-l),Cdi<i(X))ex, (27) 
-^Per<i(X/F) = (0^-i(,),Oc,:(-l)[l],CMi<i(X))e.. (28) 

Here y G Sing(y), 1 < i < N, and Coh<i(X) is defined to be 

Coh<i{X) := {F G Coh<i(X) | Q ^ Supp(F) for all i}. 

Proof. This is a straightforward generalization of [7j and the proof is written in [HTl 
Proposition 5.2]. □ 

Let 0: X+ --^ X be the flop of /. (cf. Definition 12.131 ) The following theorem is 
proved in j^. 

Theorem 2.21. [4] There is an equivalence of bounded derived categories of coherent 
sheaves, 

$: D^(Coh(X+)) ^ D^(Coh(X)), (29) 
which takes -iPer(X+/y) to 0Per(X/F). 
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2.6 Flops and non- commutative algebras 

Let / : X ^ Y he Si flopping contraction as in Definition 12.121 By Van den Bergh [7] , the 
abelian categories PPer(X/y) are related to sheaves of non-commutative algebras on Y. 

Theorem 2.22. [7j There are vector bundles on X forp = 0, —1, which admit derived 
equivalences, 

= Rf,Rnam{PS, *) : D\Coh{X)) ^ D^(Coh(My)). (30) 

Here ^Ay = f*Snd{PS) are sheaves of non- commutative algebras on Y. The equivalences 
123) restrict to equivalences 

P<l>: PPer(X/F) ^ Coh(My). (31) 

Proof. Here we briefly recall how to construct ^S, which will be needed in the later section. 
We treat the case of p = for simplicity. Let Cx be a globally generated ample line bundle 
on X. We have a surjection of sheaves, 

for a sufficiently ample line bundle £y on Y and a > 0. Taking the adjunction, we obtain 
the short exact sequence, 

— >C-^^ — >V — > f*{Cy^)®'' — ^0. (32) 

Then ^£ is defined to be 

The constructions of and are similar. (See [7] for the detail.) □ 

Remark 2.23. By the construction, the sheaves of algebras ^Ay are direct sums of locally 
projective "^Ay -modules, 

My = ^'A;.©M'^, (33) 

where ^A'y = p$(Cx) and PA'y = p<!?{p£'). 

Note that the torsion pair (Coh<i(My), Coh>2(My)) induces the torsion pair 

(PPeT<i{X/Y),PPei>2{X/Y)), 
on PPer(X/F) via the equivalence f<l>: PPer(X/r) ^ Coh(My). 

Definition 2.24. We define the abelian category ^Per^(X/y) to be the tilting with 
respect to the torsion pair (PPer<i(X/y), PPer>2(X/y)), i.e. 

^Pert(X/r) = (PPer>2(X/r)[l],PPer<i(X/F))ex. 

Remark 2.25. By the construction, the equivalence p^: D^(Coh(X)) ^ D^(Coh(My)) 
restricts to the equivalence between PPei^X/Y) and Coh^(My). 
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2.7 Donaldson- Thomas theory 

Here we introduce Donaldson-Thomas invariants. For {n, j3) G Z © A''i(X), let In{X,j3) 
be the moduli space of subschemes C G X with 

dimC < 1, [C] = (3, and x{Oc) = n. 

There is a symmetric perfect obstruction theory on /„(X, /3) [29], and the associated 
virtual cycle, 

G Ao(/„(X,/3)). 

Definition 2.26. The Donaldson-Thomas invariant is defined by 

in,p-= [ lez. 

J[/„(X,/3)vir] 

Recall that for any scheme M, Behrend pQ associates a canonical constructible func- 
tion, 

um-.M^Z, (34) 
such that if M has a symmetric perfect obstruction theory, we have 

Here x{*) is the topological Euler characteristic. In this way, the invariant In,f3 is also de- 
fined as a weighted Euler characteristic with respect to the Behrend function on In{X, (3). 
The relevant generating series are defined as follows. 

Definition 2.27. Let /: X — F be a flopping contraction. We define the generating 
series DT(X) and DT(X/r) to be 

DT(X) := J]/„,^xV, 

n,l3 

DT(X/y):= ^n,/3xV. 

n,/./3=0 

The reduced series are defined by 

^^^^^-uuxy DT(x/F).- ^^^^^^ . 

Here DTo(X) is given by 0, [IE], [S], 

DTo(X) := ^4,ox" = M(-x)^W, 



for the MacMahon function, 



M(x) = 



k>\ 
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2.8 Pandharipande-Thomas theory 

The notion of stable pairs and the associated counting invariants are introduced by Pand- 
haripande and Thomas |26J in order to give a geometric interpretation of the reduced DT 
theory. 

Definition 2.28. [26] A pair [F, s) is a stable pair if it satisfies the following conditions. 

• F G Coh<i(X) is a pure 1-dimensional sheaf. 

• s : Ox —>■ F is a morphism with 0-dimensional cokernel. 

As a convention, the pair (0, 0) is also a stable pair. For {n, f3) G Z© A''i(X), we denote 
by Pn{X,P) the moduli space of stable pairs (F, s) with 

[F]=P, x{F)=n. 

It is proved in |2S] that P„(X, f3) is a projective scheme with a symmetric perfect obstruc- 
tion theory, by viewing a stable pair (F, s) as a two term complex, 

/• = ,Q^Ox^ F ■■■ eD\X). (35) 

We also call the two term complex (1351) as a stable pair. There is an associated virtual 
fundamental cycle, 

[P„(X,/5)™] G Ao(P„(X,/3)). 
Definition 2.29. The Pandharipande-Thomas invariant Pn^p is defined as 

Pn,i5= [ lez. 

J[P„(X,/3)vi.-] 

The relevant generating series are defined as follows. 

Definition 2.30. Let f: X ^ Y he a flopping contraction. We define the generating 
series PT(X) and FT{X/Y) to be 

PT(X) = 5^P„,^xV, 

n,l3 

PT{X/Y)= P„,^xV. 

nj,l3=0 

The following result, which is conjectured in [26], Conjecture 3.3], is proved in [30l 
Section 8] using the results of [llj and [3]. 

Theorem 2.31. |30L Theorem 8.11] We have the formula, 

DT'(X) = PT(X), 
BT{X/Y) = PT(X/F). 

In particular, we have the equality of the generating series, 

DT(X) _ PT(X) 
BT{X/Y) ~ PT(X/r)' 
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2.9 Non- commutative Donaldson-Thomas theory 

Here we introduce (global) non-commutative DT invariants associated to an arbitrary 
flopping contraction f: X —>-Y. Recall the definition of ^PeT{X/Y) in Definition 12.181 

Definition 2.32. An object / G ^Per(X/y) is called a perverse ideal sheaf if there is an 
injection I ^ Ox in PPer(X/y). 

The moduli theory of perverse ideal sheaves is studied by Bridgeland [1]. 

Theorem 2.33. [31 Theorem 5.5] For {n, P) E 7j(BNi{X), the functor of families of 
perverse ideal sheaves I G ^Per(X/y) which fit into the exact sequence in PPeT{X/Y) , 

— > I — >Ox — > F — >0, (36) 

satisfying 

F G PPer<i(X/F), [F] = (3 and x{F) = n, (37) 
is representable by a projective scheme /„(My,/3). 

Remark 2.34. In ^ Theorem 5.5], Bridgeland constructs the moduli space In{^AY,(3) 
only in the case of p = —1. However the case of p = is reduced to the case of p = —1 
by passing to the flop via the equivalence [29\) . 

Remark 2.35. The object F G PPer<i(X/y) in the sequence corresponds to an 
'^Ay -module F' which admits surjections, 

pAy ""A'y F', (38) 

in Coh(My) via the equivalence ^31\) . In this way, /„(My,/?) is also interpreted as a 
moduli space of cyclic ^Ay -modules of a given numerical type. 

By [10], there is a symmetric perfect obstruction theory on /„(My,/5), and the asso- 
ciated virtual fundamental cycle, 

[/„(My,/5)^-] G Ao(/„(My,/3)). 

Definition 2.36. The (global) non- commutative Donaldson- Thomas invariant ^An^p is 
defined by 

''An,/3 = [ leZ. 

J[I„{PAY,Pr''] 

The generating series are defined as follows. 
Definition 2.37. We define the generating series DT(My) and DTo(My) to be 

DT(My) = ^M„,^xV, 

n,f3 

DTo(My)= J2 '^",;3a;V. 

n,/./3=0 

Remark 2.38. If f: X ^ Y contracts only single rational curve C <Z X with normal 
bundle Nc/x = C>c(— 1)®^; ihen the series DTo(My) coincides with the one introduced by 
Szendroi by Remark\2JR 



17 



3 Weak stability conditions on T>x 

In what follows, we use the notation introduced in the previous section. Let X be a 
smooth projective Calabi-Yau 3-fold with a flopping contraction f: X ^ Y. (cf. Def- 
inition 12.121 ) In this section, we study the space of weak stability conditions on the 
triangulated subcategory, 

Vx := (Ox,Coh<i(X))u. C D\CoHX)). 

We set r to be 

r = z®Ni{x)®z, 

and a group homomorphism cl: K{T>x) ^ C to be 

d{E) = (ch3(^),ch2(^),cho(^)). 

By the definition of 'Dx-, it is obvious that ch,(ii^) has integer coefficients for E G Px, 
thus cl is well-defined. 

Remark 3.1. Let Ic C Ox he an ideal sheaf of a 1- dimensional suhscheme C <Z X . We 
have Ic G Vx, and 

cl(Jc) = (-n, 1) if and only if [C] = P, x{Oc) = n, 

by Riemann-Roch theorem. The similar statement also holds for stable pairs (E^ and 
perverse ideal sheaves. 

We denote by rk the projection onto the third factor, 

rk: r 9 (s, /, r) I— > r G Z. 

We set 

ro = z©iVi(x/F), 

Ti = Z©iVi(X). 

We have the filtration. 

To ^ Ti ^ = r, (39) 
via i{s,l) = (s, /) and j{s,l) = (s, /,0). Each subquotient Hj = r.j/rj_i is 

Ho = Z © Ni{X/Y), Hi = Ni{Y), = Z, 
and there is a natural isomorphism, 

2 

(C X N\X/Y)c) X N\Y)c x C ^ JJ^^ (^0) 

i=0 

Hence we have the local homeomorphism by Theorem 12.71 

n: Stabr.(Px) ^ (C x N\X/Y)c) x N\Y)c x C. (41) 
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3.1 t-structures on T>x 

In this subsection, we construct t-structures on Vx- The notation used here is introduced 
in subsection 12.51 

Lemma 3.2. (i) There is the heart of a bounded t-structure Ax C "Dx, written as 

^x = (Ox,Coh<i(X)[-l])ex. (42) 

(a) There are hearts of hounded t-structures ^Bx/y C Vx for p = 0, —1, written as 

PBx/Y = (Ox/Per<i(X/r)[-l])ex. (43) 

Proof, (i) is proved in [30,, Lemma 3.5], so we prove (ii). Let us consider the heart of 
a bounded t-structure PPei^X/Y) C D\Coh{X)), given in Definition H^^M By the 
construction, it is obvious that 

PPeT\X/Y)[-l] n D^(Coh<i(X)) = PPer<i(X/r)[-l]. 

Take F e PPer<i(X/r). Since Ox e PFei{X/Y), we have }lom{Ox, F[-l]) = 0. Also 
we have 

Hom(F[i], Ox) = Hom(0x, F[3 + i]^ 

^Hom(C»y,R/,F[3 + z])^ 
= 0, 

for i > —1. Here the first isomorphism follows from the Serre duality, the second one is 
an adjunction, and the last one is a consequence of R/^-F G Coh(y) by the definition of 
*'Per(X/y). In particular, we have 

Ox e PPer>2(X/r) C PPer^X /¥)[-!]. 

Applying Proposition [S3] below by setting V = D\Coh{X)), V = D\Coh<i{X)) , A = 
pPer^(X/r)[-l] and E = Ox,^e obtain the result. □ 

We have used the following proposition, which is proved in [30l Proposition 3.6]. 

Proposition 3.3. |} 30l, Proposition 3.6] Let V he a C-linear triangulated category and 
A (I'D the heart of a hounded t-structure on T>. Take E E A with End{E) = C and a full 
triangulated suhcategory V C T), which satisfy the following conditions. 

• The category A! := An V is the heart of a hounded t-structure on T>' , which is 
closed under suhohjects and quotients in the ahelian category A. 

• For any ohject F G A' , we have 

Hom(E, F) = Hom(F, E) = 0. (44) 
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Let Ve be the triangulated category, 

Ve.= {E,V')trCV. 

Then Ae ■'= T^e ^ A is the heart of a hounded t-structure on Ve, which satisfies 

Ae={E,A'),^. 

Remark 3.4. By Lemma \2.2(A and the abelian categories ^Bx/y o^^e written as 

'Bx/Y = (Ox,c^ri(,),Oc.(-l)[-l],Cdi<i(X)[-l])ex, (45) 

-'Bx/Y = (Ox,0/-i(,)[-l],Oc.(-l),Cdi<i(X)[-l]),.. (46) 

We have the following lemma, whose proof will be given in Section [6l 

Lemma 3.5. (i) The abelian categories Ax, ^Bx/y ff^e noetherian. 
(a) Any infinite chain of monomorphisms in Ax, (resp. ^Bx/y,) 

Eo^Ei^---E,^ Ej+i ^ ■ ■ ■ , (47) 

with Ej/Ej+i ^ Coho(X)[-l], (resp. Ej/Ej+i ^ PPero(X/r)[-l] J terminates. 

Let us see that ^Bx/y is obtained from Ax via tilting. Let ^JF for p = 0, — 1 be 

ojr ;= e Coh<i(X) I f,F = 0, Hom(C, F) = 0}, 
-1^ := {F G Coh<i(X) I f,F = 0}. 

(See Definition 12.181 for C C Coh(X).) Then ^JF fit into torsion pairs 

(PT/^), (48) 

on Coh<i(X) such that ^Per<i(X/F) is the associated tilting, (cf. [7, Section 3].) By 
Lemma (2.151 and Lemma 13.51 the subcategories 1] c Ax also fit into torsion pairs 
on Ax, denoted by 

(Pq-'/J^l-l]). (49) 

Lemma 3.6. The abelian category ^Bx/y is the tilting with respect to (^T', pjF[— 1]), i.e. 

P^x/y = (^^/r')e.. (50) 

Proof. We show the case of p = 0. It is enough to show that the LHS of (1501) is contained 
in the RHS of (1501) . since both are hearts of bounded t-structures on Vx- By Remark [331 
any object in the LHS of flHIl) is given by a successive extensions of objects Ox, ^f'^{y) 
for y G Sing(F), (9q(— 1)[— 1] and objects in Coh<i(X)[— 1]. Thus it suffices to show that 
these objects are contained in the RHS of (1501) . We have 

Hom(Ox,°-F[-l]) = 0, ^ OxgV, (51) 

a./-i(,)[l] G°Per<i(X/F), ^ G (52) 

Hom(C^(-l)[-l],°^[-l]) = 0, ^ Oc^-l)[-l]G V, (53) 

Hom(Coh<i(X)[-l],°.F[-l]) = 0, ^ Coh<i(X)[-l] C V. (54) 

Here (l53ll follows from the definition of "^JF, and (JMI) follows from /*F = for any F G ^J^. 
Hence (EOl) holds. □ 
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3.2 Constructions of weak stability conditions (neighborhood of 
the large volume limit) 

Here we construct weak stability conditions on Vx, whose corresponding heart of bounded 
t-structure is Ax- (cf. Lemma [321) The set of weak stabihty conditions constructed here 
is interpreted as a neighborhood of the large volume limit at X in terms of string theory. 
Let us take the elements, 

B + iuj e A{X/Y)c, uj'eA{Y), 2 e with arg^ G (7r/2, vr). 

The data 

^= {1,-{B + iuj),-iuj',z), (55) 

in the LHS of (HOj) determines the element G ni=o^i^ isomorphism (HOl) . It is 

written as 

Zo,^: Z®Ni{X/Y) 3{s,l)^ s- {B + iuj)l, 
Zi^/.: Ni{Y) 3l' ^ -luj' -l', 
: 3 r y-^ zr. 

Lemma 3.7. The pairs 

= {Z^,Ax), ^ is given by (E^, (56) 
determine points in Stabr,{T>x) ■ 

Proof. We check that ffTTl) holds for any non-zero E G Ax- We write cl{E) = {—n, —jS, r) 
for G Z, /3 G Ni{X) and r G Z. By fH21) . we have one of the following. 

• We have r > 0. In this case, we have 

Z^{E) = zr eS). 

• We have r = 0, /5 G NE(X) and f^.[3 7^ 0. In this case, we have 

Z^{E) = lu' ■ f,(3 G ^. 

• We have r = and /3 G NE{X/Y). In this case, we have 

Z^{E) = -n + {B + iuj)p G ^1. 

The proofs to check other properties, i.e. Harder-Narasimhan property, support property 
and local finiteness will be given in Section [6l □ 

We define the subspace Ux C Stabr. (J^x) as follows. 
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Definition 3.8. We define Ux C Stabr.(r»x) to be 

l^x '■= {cr?: cr? is given by (!56l) }. 

For a fixed Bq e N\X/Y), we set 

^x,Bo '■= {o"5 G Ux ■ ^ is given by (!56l) witli 5 = i?o}. 

By Lemma 12.151 the map ^ i— > cx^ is continuous. In particular Ux and Ux,Bo a^^s 
connected subspaces. The map (1411) restricts to the homeomorphisms, 

n: Ux ^ {1} X {-A{X/Y)c} x {-iA{Y)} x f)', (57) 
n: Wx,i?o ^ {1} X {- (5o + ^A{X/Y))} x {-zA(r)} x Sj'. 

where S)' is 

^' = {2; G ^ : arg z G (vr/2, vr)}. 

Remark 3.9. The subspace Ux C Stabr. (I^x) is interpreted as a kind of limiting de- 
generation of the neighborhood of the large volume limit in string theory. In fact for 
B + iue A{X)c, let Z(^b,cu) ■ K{X) ^ C be 

Z^B,^^{E) = J e-(^+^-)ch(E)Vtd^ G C. 

IfEe Coh<i(X)[-l] with c\{E) = {-n, -f3,0), we have 

Z{B,uj){E) = -n + {B + iuj)p, 
which coincides with Zq^^{c\{E)) . 



3.3 Construction of weak stability conditions (non-commutative 
points) 

Here we construct another weak stability conditions, whose corresponding hearts of bounded 
t-structures are ^Bx/y- (cf- Lemma IX^ ) Let Ci, ■ ■ ■ ,Cn be the irreducible components 
of the exceptional locus of a flopping contraction f : X ^Y . We denote by Zy the fun- 
damental cycle of the scheme theoretic fiber of / at ?/ G Sing(y). For p = 0, —1, we set 
W{X/Y) as follows, 

'V(XIY) := [b . N\XIYy : (^^/^^ "^^i'l^ye t„g(yj' } ' (^«' 
For the elements, 

B G W{X/Y), uo' G A{Y), 

Zo,Zi G 9j with argZi G (7r/2,7r], Zi 7^ —1, (59) 
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the data 

^ = {-zo,ZQB,-iuj',zi), (60) 

in the LHS of fl4Up determines the element G 11^=0 W isomorphism fl40l) . It is 

written as 

Zo,^: Z®Ni{X/Y) 3 {s,l) ^ Zo{-s + Bl), 



NiiY) 3l' ^ -luj' -l', 
Z 9 r Zir. 



Lemma 3.10. The pairs 

= {Z^,pBx/y), ^ is given by (61) 
determine points in Stabr,{T>x) ■ 



Proof. For simphcity we show the case of p = 0. In order to check ( jlTl) . it is enough to 
show this for generators of '^Bx/y, given in ( H5l) . We have 

Zi,5(F[-l])=zcu'-/,/?e^, 
Zo,^{OcX-l)[-l]) = -zoB-Qe9j, 

Zo,g(u;/-i(y)) = Zo{l + B ■ Zy) G ^, 

by our choice of zi and B. Here 7^ F G Coh<i(X) satisfies cl(F) = (n, /5,0). Note that 
G A'^i(^) is a non-zero effective class by the definition of Coh<i(X). Therefore the 
pair {Z^^'^Bx/y) satisfies (fTTll . The Harder-Narasimhan property, the local finiteness and 
the support property are proved along with the same argument of Lemma 13.71 and we 
leave the readers to check the detail. □ 

We define the subspaces ^Vx/y C ^Ux/y C Stabr. (I^x) as follows. 

Definition 3.11. We define ^Wx/y, ^Vx/y to be 

^Ux/Y = W( ■ 0-5 is given by (E2!)}, 
Vx/y = Wi, £ ^l^x/Y '■ i is given by (f^ with Zq = —1}. 
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By Lemma [2. 151 the subspaces ^Ux/y and ^Vx/y are connected. The map fHT]) restricts 
to the homeomorphism, 

n: ^Vx/Y ^ {1} X {-^F(X/F)} X {-iA{Y)} x (62) 
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3.4 Flops and weak stability conditions 

Let 0: X be a flop as in the diagram fl2Tl) . and $ a standard equivalence given 

in fl2^ . Since the kernel of $ is supported on the fiber product X Xy X^, (cf. [HI 
Proposition 4.2],) $ restricts to the equivalence 

<i>:Vx+^Vx. (63) 

Lemma 3.12. The standard equivalence $: T>x+ T^x restricts to the equivalence be- 
tween ^^Bx+/Y o^nd ^Bx/Y- 

Proof. Note that $ induces the equivalences between ~^Per(X+/y) and °Per(X/y), and 
the equivalence between ~^Per<i(X+/F) and °Per<i(X/F). Hence $ induces the equiv- 
alence, 

$: -^Per^(X+/y)[-l] ^°Per^(X/y)[-l], (64) 

where ^Vei^X/Y) is given in Definition I2.24[ Since we have 

mx/Y = Vxn^'PeT\X/Y)[-ll 

by Proposition 13.3^ we obtain the result by restricting to 'Dx+ and Vx- □ 
Similar to P., we set 

r+ = z©iVi(x+/r), 

r+ = z©iVi(x+), 

r+ = r+ = z©iVi(x+) ©z. 

The associated subquotient is denoted by . 

Lemma 3.13. There is a filtration preserving isomorphism Tj" ^ T*; which satisfies 
the following. 

• The following diagram commutes, 

Vx+^Vx (65) 

cl 

r+ — -^T. 

• The induced morphism gr, $r satisfies 



gro<fr: Z©iVi(X+/r) 3 {z,C) 

^ iz,(f),C) eZ®Ni{X/Y) 
gri $r: Ni{Y) 3 D' ^ D' e iVi(F), 
gr2 <l>r : Z 9 2' ^ 2' G Z. 
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Proof. First the following diagram is commutative by [311 Proposition 5.2], 



(ch3,ch2) 



D\Coh<i{X+)) ^ D\Coh<i{X)) (66) 

(ch3,ch2) 

Let V = cl$(Cx+) G r and set $r as 

<l>r(s,/,r) = {s,4>J,0) + rv. 

The commutativity of (1661) implies that $r fits into the commutative diagram flU31) . Since 
V is of the form (*,*,!), the map $r is isomorphism. The induced isomorphism gr, $r is 
of the desired form by the construction. □ 



Remark 3.14. In fact one can show that $((9x^ 
However we do not use this fact. 



Ox, hence cl$(Cx+) = (0,0,1) 



By Lemma 12.91 and Lemma 13.131 we have the commutative diagram, 

Stabp+(Px+) Stabr.(Px) 



(67) 



n+ 

r2 



n 



Proposition 3.15. (i) We have 

<^>*("'Vx+/y)=°Vx/y. 
(a) We have ^Vx/y C Ux- In particular, we have the inclusion 



''Vx/Y cUxn^Mx+.. 

and the following subset U C Stabr. (I^x) is connected, 



(68) 



(69) 



U := Ux U ^Mx+ U ^Ux/Y U "^Wx/i 



(70) 

N^{X/Y) induces the 



Proof, (i) First note that the strict transform ip^: N^{X^ /Y) 
homeomorphism , 

0,: -V(x+/F) ^ V(x/r). 

Hence by the homeomorphism ( 162|) . the map (gr$p^)^ in the diagram (1671) induces the 
homeomorphism , 

n+ {'^Vxvy) ^ n ("Vx/y) . 

Combined with Lemma [3. 121 we obtain (l68l) . 
(ii) By ([57D and dMD, we have 



n(^'Vx/y) cn(w 



X, 



By Lemma [2.81 and Lemma [3.61 we obtain ^Vx/y C Ux- Combined with (i), we conclude 



and the connectedness of (1701) . 



□ 
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Remark 3.16. The subspace 

UxU^Mx+ C Stabr.(r'x), 

consists of two chambers Ux and (^JJx+ , which is an analogue of the chamber structure 
on the space of stability conditions on D^(Coh<i(X)). (cf. Theorem ^.ll].) The 
chamber Ux (resp. (^JJx+) corresponds to the neighborhood of the large volume limit at 
X, (resp. X^,) and the wall^Vx/Y corresponds to the locus of non- commutative points. 
See Figure 8]. 

4 Wall- crossing formula 

In this section, we review the main results of [30, Section 8]. As in the previous section, 
f : X ^ Y is a flopping contraction from a smooth projective Calabi-Yau 3-fold X. 

4.1 Assumption 

Here we recall the wall-crossing formula of generating series of Donaldson-Thomas type 
invariants under change of weak stability conditions, given in [301 Section 8] . The formula 
is established under some conditions given in Assumption 14.11 below. Let us recall that, 
by the result of Lieblich [19], there is an algebraic stack Ai locally of finite type over C 
which parameterizes E G D''{Coh.{X)) satisfying 

Ext^(S, E) = 0, for any i < 0. (71) 

Let A^o be the fiber at [0] G Pic(X) of the following morphism, 

det: Mb E^ — >detE e Pic(X). 

For any object E G "Dx, the corresponding C- valued point [E] G is contained in A4o- 
Let A C Vx be the heart of a bounded t-structure on Vx- We can consider the following 
(abstract) substack, 

ObjiA) C Mo, 

which parameterizes objects E E A. The above stack decomposes as 

ObjiA) = l[ObfiA), 

ver 

where Obj'"{A) is the stack of objects E E A with cl{E) = v. 

Let r, be the filtration fl39p . The wall-crossing formula [3Ul Section 8] is applied for a 
certain connected subset 

VcStabr.(Px), 

satisfying the following assumption. 

Assumption 4.1. [30', Assumption 4.1] For any a = (Z = {Zi}f^Q,V) G V with 
A = P((0, 1]), the following conditions are satisfied. 
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• We have 

Ox e P(^), l<i^<h (72) 

and Ox is the only object E G Vi^ip) with c\{E) = (0, 0, 1). 

• We have 

Zi(Hi) cR-i. (73) 

• For any v, v' G Tq and any other point r = (W, Q) G V, we have 

Z{v) G R>oZ{v') if and only if W{v) G R>oW{v'). (74) 

• For any v with rk(f ) = 1 or v & Tq, the stack of objects 

ObfiA) c A^o, 

is an open substack of M.q. In particular, Obj'"{A) is an algebraic stack locally of 
finite type over C. 

• For any f G F with ik{v) = 1 or v E Fq, the stack of a-semistable objects E E A 
with cl{E) = V, 

M^ia) C Obf{A), 
is an open substack of finite type over C 

• There are subsets OeTcScZQ) Ni{X), which satisfy Assumption \4.S\ below. 

• For any other point r G V, there is a good path (see Definition \4.S\ below) in V which 
connects a and r. 

As for the last condition of Assumption I4.H the notion of good path is defined as 
follows. 

Definition 4.2. A path [0,1] 3 t t-^ at E V is good if for any t E (0, 1) and f G Fq 
satisfying Zt{v) E M.^oZt{Ox), we have either 

argZt+eiv) < argZt+eiOx), aigZtsiv) > aigZt-e{Ox), or (75) 
aigZt+e{v) > aig Zt+e{Ox), aigZt-e{v) < aig Zt-e{Ox), (76) 

for < £ < 1. 
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4.2 Wall-crossing formula of the generating series 

Let V C Stabr. ("Px) be a connected subset satisfying Assumption 14.11 We introduce the 
following notion. 

Definition 4.3. We say a = {Z, V) E V is general if there is no f G Tq which satisfies 



For general a,T eV, take a good path, (cf. Definition [T! 

which satisfies ctq = a and ai = t. For t G [0, 1], let Wt be the set, 

Wt = {vero: Zt{v) G M>oZi(Ox)}. 

For t G [0, 1] with Wt ^ 0, we set 

e(t) = l, (resp. e(t) = -1,) 

if fTTSj) (resp. fl76|) ) happens at t for t> G Wt- . By the condition fl74l) . the value e(t) does 
not depend on a choice of f G Wt- The main result in [301 Section 8] is summarized as 
follows. 

Theorem 4.4. [SUl Theorem 8.9, Corollary 8.10] Let V C Stabr.(Px) a connected 
subset satisfying Assumption \4-l\ We have the following. 

• For a = {Z,A) G V and v = {—n, —j3, 1) G F, fresj). f = (— n, — /5, 0) G FqJ there 
is a counting invariant of a-semistable objects of numerical type v, 

DT„,^((t) G Q, {resp. Nn,p G Q, ) 

such that if Ai^{(j) is written as [M/Gm] for a C-scheme M with a trivial Qru-o-ction, 
we have (cf. Remark \4~^ ) 



DT„,^(a)=/ 1, [resp.Nn,p= 1. (77) 

Let DT(o') and DTo(o") be the series, 

DT(a) = 5^DT„,^(a)xV, (78) 

n,(3 

DTo(a)= Yl DT„,^(^)^V- (79) 

(n,/3)ero 

Then we have the following equalities of the generating series, 

DT(r) = DT((t) • Y[ exp((-l)"~inAr„_^xV)'^*\ (80) 

-in,f3)€Wt, 
te{0,l). 

DTo(r) = DTo(a) • J] exp((-l)"-iniV„,^xV)^^*^- (81) 

-(n,/3)eiyt, 
te(o,i). 
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In particular the quotient series 



DT„(<t)' 

is well-defined and does not depend on a general point a G V. 

Remark 4.5. Suppose that Ai'"{a) = [M/Gm] where M is a scheme with a trivial Gm- 
action. Then there is a perfect symmetric obstruction theory on M by /70| /. and hence the 
associated virtual cycle also exists. 

Remark 4.6. If M.'"{(y) is not written as [M/Gm\ as in Remark \4.5[ then the invariant 
DTn,/3{(j), (resp. Nn^p,) is defined by the integration of the logarithm of the relevant moduli 
stacks in the Hall-algebra. Their precise definitions are given in /23, Definition 8.5]. 

Remark 4.7. As in fSU. Remark 8.7], the invariant Nn,p does not depend on a & V. 
However it may depend on V, so we may write it as A^„^/3(V). Let Vi, V2 C Stahr,(T>x) be 
connected subsets satisfying Assumption \4.1\ IfVi U V2 is connected, then the same proof 
of fSU. Proposition-Definition 5.7] and /221 Remark 8.7] show that 

i. e. the invariant Nn^p does not depend on cr G Vi U V2 . 
4.3 Completions of C[iV<i(X)] 

In this subsection, we discuss certain completions of the group ring C[A^<i(X)], in which 
the generating series DT(cr) and DTo(cr) are defined. For subsets 5*1, 5*2 C A^<i(X) = 
Z© A^i(X), we set 

Si + ^2 := {si + S2 : Si G S,} C iV<i(X). 
The sixth condition of Assumption 14.11 is stated as follows. 



Assumption 4.8. [30, Assumption 4.4] In the situation of Assumption ^.1, the subsets 
G T C S* C A^<i(X) satisfy the following conditions. 

• We have 

T + TcT, S + Tc S. (82) 

• For any x G A^<i(X), there are only finitely many ways to write x = y + z for 
y,z e S. 

• Let ip eM. be as in ([^j for a G V. For I = {ip — e,'ip + e) with < e 1, we have 

{{n,(3) G N<i{X) : (-n, 1) G CM)} C S, (83) 
{(n, /?) G To : {-n, -/3, r) G CM), r = orljcT. (84) 

Here C„{I) CT is defined in / f7^) . 
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• There is a family of sets {S'aIaga with Sx C S such that S \ Sx is a finite set and 

Sx + TcSx, S=\J{S\Sx). 

AeA 

The existence of such S, T are required to give completions of the group ring C[A^<i (X)] . 
We have the following C-vector space, 

ClSj:=\f= J2 «n,/3a;V : a.,^ e C I . 

[ {n,l3)eS J 

The vector spaces C |T], C {Sx} are similarly defined. The product on C[A^<i(X)] gener- 
alizes naturally to products on C |T], and C {SJ, C I^a] are C |T]-modules with C [^a] C 
C IS*]. There is a topology on C {SJ, induced by the isomorphism, 

C[5l-lnnC|5] /C [^a1, 
AeA 

and the Euclid topology on the finite dimensional vector spaces C {S} /C [5'a]. (cf. [30l 
Section 4].) For o" G V satisfying Assumption 14.11 the third condition of Assumption 14.81 
yields, 

DT(a)GC|5], DTo(a)GC|rl, 
where DT(a), DTo((t) are given in (CHI), ([79]). 

4.4 Checking assumptions 

Let / : X — * y be a flopping contraction. Here we state that the connected subsets Ux,b 
and PUx/Y (cf. Definition ESI Definition EJH) satisfy Assumption O For p G NE(X), 
we set m(/3) as follows, 

m{(3) = inf{x(Cc7) : dimC = 1 with [C] < 13} . (85) 

It is well-known that m{(3) > —oo. (cf. [Ml Lemma 3.10].) We set Sx and Tx as 

Sx ■■= {{n,f3) G X<i(X) : /? > 0, n > m(/5)}, (86) 
Tx:={{n,(3)eTo:(3>0,n>0}. (87) 

Proposition 4.9. For B G 'pV{X/Y), (cf (E^jJ the subset Ux,b C Stabr.(Px) satisfies 
Assumption \4.1\ with S = Sx and T = Tx- 

Proof. The proof will be given in Section [61 □ 

For p = 0, — 1, let = Ox © be the vector bundle on X constructed in the proof 
of Theorem 12.221 We denote by r{p) the rank of ^S' . For v = (n, /?) G X<i(X), we set 
Px{v) as 



Pxiv)= [ vchPS''', 
Jx 

= r{p)n+{-lYc,{Cx)-P, 
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where Lx is a globally generated ample line bundle which defines "^E. (See Theorem [2221) 
For an effective class /3 G A''i(F), we set ^m(/5) as follows, 

^miff) = inf L(F) : ^ ^ Coh<i(r), [F] < (3, there is a 
[ surjection of sheaves f^^S^ -» F. 

as an analogue of fl85l) . The same proof of [201 Lemma 3.10] shows that ^m{f3) > —oo. 
We set ^Sx/Y and '^Tx/y to be 

PQ _/„_/^m^Ar /^N. > 0, n > m(/,/?), 
^^/^ " l"^ " ^"""^^ ^ ^^^^^^ • 'X{v) > 'm{r{p)m 

'Tx/Y = [v = e iV<,(X) : > o" " 

Proposition 4.10. (i) For B e pV{X/Y), the suhsetUx,B C Stabr.(r'x) satisfies As- 
sumption \4.1\ with S = ^Sx/y o^nd T = ^Tx/y- 

(a) The subset ^Ux/y C Stabr.(I^x) satisfies Assumption \4-l\ with S = ^Sx/y o-nd 
T = PTx/Y- 

Proof. The proof will be given in Section El □ 



5 Proof of the main theorem 

In this section, we give a proof of Theorem ll.2[ Again / : X ^ F is a flopping contraction 
from a smooth projective Calabi-Yau 3-fold X, and 0: X+ --■> X its flop. 

5.1 Counting invariants of rank zero objects 

Let U C Stabr. (I^x) be the connected subset given by ( ITOl) . and take 

v = {-n,-/3,0)eTo. 

By Proposition 13. 151 (ii). Proposition 14.101 Theorem 14.41 and Remark 14.71 there is a count- 
ing invariant of cr-semistable objects of numerical type v, 

Nn,i3 e Q, (88) 

which does not depend on a eU. 

Lemma 5.1. We have the following equality. 

Proof. The flrst equality is just the deflnition of N_n-p in [30l Deflnition 8.1, Deflni- 

tion 8.5]. In ordet to show N^^p = iV-n,/3, take a data ^ = {1, —iu, —iu' , z) as in (1331) 

with B = 0. Then it is easy to see that an object E G Ax is Z^-semistable if and only if 
E[l] G Coh<i(X) is a cu-Gieseker semistable sheaf. Therefore the dualizing functor 

_/t^(-n,-/3,o)^^^) 3 ^ ^ Tinom{E,Ox) G yW^-^'^'^Ve), 
is an isomorphism, hence Nn^p = N_n,/3 holds. (See [331 Lemma 4.3].) □ 
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Remark 5.2. By the proof of Lemma 15. il the invariant [8^) coincides with Joyce- 
Song's generalized DT-invariant JIT] /, which counts u-Gieseker semistable sheaves F G 
Coh<i(X), satisfying [F] = j3,x{F) = n. 

5.2 Semistable objects of rank one 

Let a = {Z, V) eU C StaJor.(T>x) be as in the previous subsection, and take 

V = (-n, e r. 

In this subsection, we investigate the moduh stack of cr-semistable objects, 

A<"((t) c Obj{A), 

which is algebraic by Proposition 14.91 and Proposition I4.10[ We first note the following 
lemma, which follows from fH2|) and fj43l) immediately. 

Lemma 5.3. For E G Ax (resp. E G ^Bx/y) satisfying Tk{E) = 1, there is a filtration 
in Ax, (resp. pBx/y),) 

= E^i C Eo C El C E2 = E, (89) 

such that each subquotient Fi = Ei/Ei^i satisfies 

Fo,F2 G Coh<i(X)[-l],(resi). PPer<i(X/F) [-1], ) F^ = Ox- 

In particular if E E Ax, there is an exact sequence in Ax, 

— > Ic — > E — > F[-l] — > 0, (90) 

where C C X is a 1-dimensional subscheme with the defining ideal Ic C Ox, and F G 
Coh<i(X). 

Let us fix 

Be''V{X/Y), uj'eA{Y), 2 G ^ with arg2 G (7r/2,7r), (91) 

and deform u = tH with t G M>o- Here H G A{X/Y) is an ample generator given in 
f l20p . We obtain a 1-parameter family of weak stability conditions 

a^(^t) = {Zat),Ax)eUx,B, (92) 
(cf. Definition 13. 8[ ) where ^(t) is 

at) = {l,-{B + ttH),-tuj',z), (93) 
which is a family of data fl55p . 
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Proposition 5.4. For a fixed v = {—n, — 1) G F and the data (E2P, there is to & M. 
such that for t > to, we have 

>(^(a^(i)) = [P„(X,/3)/G„], 
where Gm acts on Pn{X,(3) trivially. In particular, the following holds in C \Sx\, 

lim DT(a5(,)) = PT(X). 

t — >OQ 

Proof. Take a cr^(4)-semistable object E G Ax with cl(ii^) = (— n, —(3, 1). Let 

Jc ^ ^ F[-l\ 0, 

be an exact sequence as in (pUj) . We liave 

cli3(F) < n - m(/3), (94) 

wliere m(/?) is defined by Suppose tliat tlie support of F is 1-dimensional. Tlie 

cr^(t)-semistability of E yields, 

argZ^(j)(F[-l]) > argZ5(t)(E) = arg^ > 7r/2. 

Hence we liave /* cli2(-F) = and 

-ch,{F) + Bch,{F) 

tH-ch^iF) ^ < °' 

for c = Rez/Imz. The inequalities flM|) and flU^ imply 

where -B = bH for 6 G M. Since < H ■ ch2(-F) < H ■ (3, there is to > (depending only 
on V, B and z,) such that (1961) implies t < to. Therefore if we take t > to, the sheaf F 
must be 0-dimensional. Also we have B.om[Ox[—l], E) = for any closed point x G X, 
since 1] is crg(t)-stable with 
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argZ5(t)(0^[-l]) > argZ5(t)(E) = arg^;. 



Then we apply [301 Lemma 3.11] and conclude that _E is a stable pair ( |35l) . 

Conversely take a stable pair E = {Ox ^ F) E Ax with [F] = [3, x{^) = and an 
exact sequence in Ax, 

— > A — > E — > B — ^0. 

Since there is a surjection of sheaves Ti^^E) -» Ti^^B) and T-C^{E) is 0-dimensional, the 
sheaf 1H}{B) is also 0-dimensional. If rk(i?) = 0, then B = Q[—l] for a 0-dimensional 
sheaf Q. Hence the inequality 



arg2; = aTgZ^^t)iE) < aTgZ^(t)iB) 



n 
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is satisfied. If rk(5) 7^ 0, we liave rk(i?) = 1 and rk(74) = 0. By tfie exact sequence 
( I90l) applied for B G Ax, we see that cli3(i?) < — m(/3). Hence we have A = G[—l] for 
G e Coh<i(X) with 

ch3(G) <n-m{P). 



Therefore we have 



ch3(G) + 5ch2(G) ^ -n + mjP) b 

> 7-7 — - — 77^7 + [^') 



tH-c\i2{G) -tH-c\i2{F) r 

where B = bH with 6 G M. Hence there is to > such that the RHS of fl97p is bigger than 
c = Re2;/Im2; < for t > to, i.e. 

argZ^(t)(G[-l]) < argZ^(t)(E) = argz, 

for t > to. □ 

Next let us take ^ = {—zo,zoB,—iuj',zi) as in fl3U|) . and the associated weak stabil- 
ity condition = {Z^,pBx/y) ^ ^^x/y- (cf- Definition 13.111 ) We have the following 
proposition. 

Proposition 5.5. (i) Suppose that arg2;o > arg^i. Then for v = (— n, — 1) G F with 
(n, (3) G To, we have 

jl^v^^ ^ i [^pecC/G„,], n = (3 = 0, 
^ 1^ 0, otherwise. 

In particular, we have 

BToia^) = 1. 

(a) Suppose that argzo < arg2;i. Then for v = (— n, — /?, 1) G T, we have 

where Gm acts on /„(My,/3) trivially. In particular, we have 

DT((T5) = DT{Ay). 

Proof, (i) Take a cr^-semistable object E G ^Bx/y with d{E) = v, and a filtration 

= -£/-! C Eq c £-1 C £'2 = E, 
in ^Bx/Y as in (IS^ . For each subquotient Fj, the condition (n, /?) G Fq implies 

Fo, F2 G ^'Pero(X/r)[-l], F, = Ox- 
(cf. Definition 12. 18[ ) Suppose that Fq 7^ 0. Then we have 

argZ^(Fo) = arg2;o > argzi = aig Zi.{E), 
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which contradicts to the cr^-semistabihty of E. Hence Fq = and we have the exact 
sequence in ^Bx/y, 

— >Ox — > E — > F2 — ^ 0. (98) 

Since 

Hom(F2,Ox[l]) = n^RT{X,F2)\ 
= 0, 

by the Serre duahty and the definition of ^Pero(X/F), the sequence ( l98|) sphts. Hence E 
is (T^-semistable if and only if E = Ox- 
(ii) Let 

PH': D\Coh{X)) — ^PPer(X/y) 

be the i-th cohomology functor with respect to the t-structure on D^{Coh.{X)) with heart 
^Per(X/y). Take a cr^-semistable object E G ^Bx/y with cl(-E') = v, and suppose that 
PH^i^E) is non-zero. We have the surjection in ^Bx/y, 

E^pn\E)[-i], 

and the inequahty, 

arg Z^{E) = w:gzi > aigzo = arg Z^{Pn\E)[-l]), 

by our choice of ^. This contradicts to the cr^-semistabhhty of E, hence we have ^^{^{E) = 
0. Combined with Lemma [5.31 the object E fits into the exact sequence in ^Per(X/y), 

O^E^Ox^F-^0, (99) 

with F G PPer<i(X/F). 

On the other hand, take E G ^Per(X/y) which fits into an exact sequence (1991) in 
pPer(X/y). Note that we have E G ^Bx/y with pH^E) = 0. In order to show that E is 
cr^-stable, let us take an exact sequence in ^Bx/y, 

— > El — > E — y E2 — >0, 

such that Ei ^ for i = 1,2. Suppose that rk(£'i) = 1 and rk(£'2) = 0, hence E2 G 
^Per<i(X/y)[— 1]. The long exact sequence associated to p'H*{*) together with p1-0'{E) = 
show that E2 = 0. This is a contradiction, hence rk(£'i) = and rk(ii^2) = 1 holds. In 
this case, our choice of ^ yields, 

arg Z^{Ei) = argzo < arg2;i = aig Z^{E), 

which implies that E is a^-stable. □ 
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5.3 Local transformation formula of the generating series 

In this subsection, we show the transformation formula of DT{X/Y) and DTo(My). 
Theorem 5.6. We have the formula, 



DT{X/Y)= II exp((-l)"-iniV„,^xV)- (100) 
In particular, we have 



n>0,/3>0, 
M3=0 



DT(X/F) = t o 0,DT(X+/F). (101) 
Here the variable change is ^^(n, /?) = (n, 0*/?) and i{n, [3) = (n, — /3). 
Proof. Let us take 

m = i^,-iB + ttH),-iuj', z), 
as in fpri) . flU^ and a 1-parameter family of weak stability conditions a^(t) G Ux,b as in 



( l92l) . By Proposition 15.41 we have 

hm DTo(ag(t))=PT(X/r), 

in the topological ring C {Tx}- On the other hand, let us consider the element, 

e(0) = (l,-5,-2u;',z), 

which gives data flUUj) with zq = —1 in the notation of flUUl) . Note that DTo(crg{t)) and 
DTo(cr^(o)) are contained in C [[^Tx/-k| by Proposition 14.101 Since (T^(o) is a general point, 
we have 

{imDTo((T5(t)) = DTo((T5(o)) 



in C pTx/y| . Here the second equality is due to Proposition 15.51 (i). Therefore applying 
( ISTl) in Theorem 14.41 we have 

PT(X/r) = n exp((-l)"-iiV„,^x"y'^) 

-{n,/3)GWt, 
Q<t<oo 



H exp((-l)"-iniV„,^xV 



n-B/3>0,/3>0, 



n exp((-l)"-^niV„,^x>/^). (102) 



n>0,/3>0, 
/*/9=0 



Here the second equality follows from, 

U W^t = {-(n,/3)Gro:n-S/3>0,/3>0} 



0<t<oo 
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and the last equality follows from taking the limit i? — > in pV{X/Y). Then f llOOl) follows 
from f ll02p . Theorem 12.311 and the following formula, (cf. pHl Remark 8.13],) 

W exp((-l)"-inAr„,ox") = M{-xY^^\ (103) 

n>0 

The formula fllOlj) follows from fllOOj) . Lemma [5.11 and the equality x(^) = x{^^)- ^ 

Next we give the formula for DTo(^Ay). 
Theorem 5.7. We have the following equality, 

DTo(My) = W exp((-l)"-iniV„,^xV). (104) 

n>0,/,/3=0 

In particular, we have 

DTo(My) = DT(X/r) ■ 0,DT'(X+/F). (105) 

Proof. Take data ( 160|) . 

^ = (-2;o,2o5,-iu;', 2;i), arg^o < argzi, 
^' = (-2:o,4S,-iu;', 2:1), arg4 > argzi, 

and the associated weak stability conditions cr^,cr^' G '^Ux/y- We consider a family of 
weak stability conditions 

= (^€w/^x/y) e ^Ux/Y, 
which connects and a^', where ^(t) is given by 

^(t)=t^ + {l-t)e. 



By Proposition 15.51 we have 

DTo((T5(o)) = 1, DTo((75(i)) = DTo(My). 
Take to G (0, 1) which satisfies 

tozo + (1 - to)zQ e M.>oZi- 

We have 

Wt, = {ve iV<i(X) : Z^^to)iv) e M>o^i}, 
= {-(n,/?) e N<i{X) ■.n-BP>0}. 

Hence applying flHTl) in Theorem 14. 4^ we obtain 

DTo(My) = II exp((-l)"-iniV„,^xV), 

n-_B/3>0,/*/3=0 

= n exp((-l)--iniV„,^xV)- 

n>0,/*/3=0 

Here the second equality follows from taking the limit i? ^ in pV{X/Y). Hence (11041) 
holds. The formula (11051) follows from (I103p . (I104p and Theorem 15.61 □ 
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5.4 Global transformation formula 

Finally we show the global transformation formula of our generating functions. 

Theorem 5.8. We have the following formula, 

DT(X) _ DT(My) _ DT(X+) 
DT(X/F) ~ DTo(My) ~ ^*DT{X+/Y)' 

Proof. Let us take 



(106) 



^(t) = (1, -{B + itH), -iu', z), t e 



as in (EH), (l93ll and a 1-parameter family of weak stability conditions cr^(t) G as in 
f l92|) . By Proposition 15.41 and Theorem 12.311 we have 

DT(a„.,) _ PT(X) ^ DT(X) 
i-oo DT„(ffj,„) PT(.Y/y) DT(.Y/y')' ^ ' 

in C {Sx}- On the other hand, we have 

DT(ag(,)) ^ DT(ag(o)) 
*-^DTo(a^(,)) DTo(a5(o))' 

since ^^(o) is a general point and limt^o o'^it) = o"5(o) by Proposition 13.151 Next let us take 
a data (160|) . 

^ = (-2;o,2;o5, -^^^',2:1), arg2;o < argzi. 
By Theorem 14.41 and Proposition 15. 5^ we have 

m^m) ^ DT(ag) ^ DT(My) 

DTo(a5(o)) DTo(a5) DTo(My)- ^ ^ 

Finally suppose that p = 0, i.e. B G Note that we have ^-\B) G "V(X+/F). 

For t < 0, we set 

which gives data fl55l) for X''". We have the associated 1-parameter family of weak stability 
conditions cr^^^-j G Uj^+ ^-i^, and we set 

■■= e for t < 0. 

By Proposition 13. 15[ the family a^(^t) is a continuous family for t G (—00, 00). By Propo- 
sition 15.41 and Theorem 12.311 we have 

DT((T£m) PT(X+) DT(X+) , , 

Then the formula (|T06ll follows from (fTnTll . (|T08ll . (|T09l) . (fTTOj) and Theorem 1131 □ 



38 



6 Some technical lemmas 



6.1 Proof of Lemma 13^5 

Proof, (i) The noetherian property of Ax is proved in Lemma 6.2]. Let us show that 
^^x/Y is noetherian. For simphcity, we show the case of p = 0. Take a chain of surjections 
in °i3x/y, 

^0 ^ ^1 ^ ^ Ej ^ Ej+i ■■■ . (Ill) 

The description (H5!) shows that ^Bx/y is concentrated on [0, 1] with respect to the stan- 
dard t-structure on D^(Coh(X)), and fillip induces a chain of surjections in Coh(X), 

n\Eo) n\Ei) — » n\Ej) h\Ej+i) ^ • ■ ■ . 

Hence we may assume that T-l^(Ei) ^ 7i^(i?j+i) for all i. By (l43l) and the definition of 
*^Per(X/y), we have the exact functor, 

R/*: 'Bx/Y (Oy,Coh<i(r)[-l])e.. (112) 

The proof that Ax is noetherian (cf. [301 Lemma 6.2]) is also applied for the singular 
variety Y, hence the category (Cy, Coh<i(F)[— l])cx is also noetherian. Therefore we 
may assume that R/*-Ei ^ Hf^^Ei^i for all i. Consider the exact sequence in "iSx/y, 

— ^ — ^ ^ ^ 0. 

Noting ( H5l) and R/*Fj = 0, the object Fj is written as 1], where F- is given by 
successive extensions of sheaves Ocf,{—l) with 1 < A; < iV. Hence we obtain the exact 
sequence of sheaves, 

— > n°{Eo) — y n°{Ei) — — ^ 0. 
Since dimC^ < 1, we obtain the sequence of coherent sheaves, 

H°(Fo) c n\Ei) c ■ ■ • c n'^iE,) c • ■ ■ c n\EaY''. (113) 

Since Coh(X) is noetherian, the above sequence terminates. 

(ii) First we show the termination of fH7j) in Ax- Take a sequence fjTr|) in Ax, and an 
ample divisor uo on X. By ( l42|) . we have cho(-E') > and — ch2(-E') ■ > for any object 
E G Ax- Therefore we may assume that cho(-Ei) and ch2(-E'j) ■ uj are constant for all i. 
Then Ej/Ej^i is 0- dimensional, hence it must be zero by the assumption. 

Next we show the termination of (H71) in ^Bx/y- For simplicity we show the case of 
p = 0. By the same argument as in (i), we may assume that Gj = Eq/Ej+i in '^Bx/y is 
written as G'^ [— 1], where G'j is given by successive extensions of sheaves Oc^.{—l) with 
1 < A; < A^. We have the surjections of sheaves 

n\Eo)^ » » G"2 ^ G[. 

Since H^{Eq) G Coh<i(X), the above sequence must terminate, and hence fH7|) also 
terminates. □ 
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6.2 Proof of Lemma 13.7 



Step 1. The pair a ^ = {Z^,Ax) satisfies the Harder- Narasimhan property. 

Proof. It is enough to check (a) and (b) in Proposition 12.51 The condition (b) follows 
from Lemma [3.51 (i). In order to check (a), take a chain of monomorphisms in Ax, 

• ■ ■ C Ej+i C Ej C ■ ■ ■ C E2 C El 

with a.Tg Z{Ej+i) > aigZ{Ej / Ejj^i) for all j. By Lemma 13.51 (ii), we have Ej/Ej^i G 
Coho(X) for some j. Then we have axg Z{Ej^i) > aigZ{Ej/Ej^i) = n, which contradicts 
to ([IT]). □ 

Step 2. Let {V^i^cj))} ^(z^. be the slicing corresponding to the pair a ^ = {Z^,Ax) via Propo- 
sition l27S[ Then {V^i^cp)} ^f^^u is of locally finite. 

Proof. We set = ^argz G (1/2,1) and take < <^ 1 satisfying ± r/ G (0,1). 
By Lemma 13. 5^ it is enough to check that V^{{9 — ri,6 + rj)) is of finite length for any 
9 E {1 — ri,l + rj). Let us consider the pair, 

(Zo,5,Coh(X/r)), (114) 

where 

Coh(X/r) = {Ee Coh(X) : dimSupp/^E = 0}. 

Then the pair flll4p determines a locally finite stability condition on D''[Coh.[X/Y)) in 
the sense of Bridgeland [5]. (cf. [321 Lemma 4.1].) We write the corresponding slicing on 
D^{Coh.{X/Y)) by {Q{(p)}(f)m- By our choice of rj, we have 

for any 9 E {1 — r],l + rj). Therefore V^{{9 — rj , 9 + t])) is of finite length. □ 
Step 3. The pair = {Z^,V^) satisfies the support property [Tl 



Proof. Let E G Ax be a non-zero object with cl{E) = {—n,—j3,r). We introduce an 
usual Euclid norm on EI2 (E)z M = M. We have 

11-^11 _ J MiB. r = f 3^0 

\Z{E)\ I n^+H/^ll^ r = /./? = 0,n>0. 



(n-_B/3)2 + (i^/3)2 ' 

Since (3 is effective or zero, the above description easily implies the support property. □ 



6.3 Proof of Proposition 14.9 



The conditions of Assumption 14. 1 1 are obviously satisfied except the fourth, fifth and sixth 
conditions. As for the fourth condition, this is proved in [SUl Lemma 3.15]. It is enough 
to check the fifth and the sixth conditions. 
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Step 1. Take G Ux,b o-nd f G F with ik{y) = 1 or f G Fq. Then the stack 

M^iai^) C Ohf{Ax), 
is an open suhstack of finite type over C. 

Proof. As in the proof of [30j, Lemma 3.15], it is enough to check the boundedness of 
(T^-semistable objects of numerical type v. This is proved along with the same argument 
of [Mi Section 3], and we leave the readers to check the detail. □ 

Step 2. The sets Sx and Tx satisfy Assumption "JTS. 

Proof. The first and the second conditions of Assumption 14.81 are obviously satisfied. In 
order to prove the third condition, take an object E G Ca^{I) with = {Z^,Ax) G Ux,b 
and c[{E) = (— n, — /5, 1). We are going to check that (n, /?) G Sx- We have the exact 
sequence in Ax 

O^Ic^E^ F[-l] ^ 0, (115) 
as in flUUj) . Also we have the exact sequence of sheaves, 

— > Fi — > F — > F2 — ^ 0, 



with Fi G and F2 G ^JF, where (^T, ^JF) is a torsion pair on Coh<i(X) given by 
Assume that F2 7^ 0. Then we have the surjection E F2[—l] in Ax- Then it is easy to 
see that 

aigZ^iE) > n/2 > aTgZ^iF2[-l]), 

which contradicts to E G Therefore F2 = 0, and F G C PPer<i(X/F) follows. 

Also if R/*-F is not 0-dimensional, we have 

argZg(E)>argZ5(F) = 7r/2, 

which contradicts to the a^-semistability of E. Therefore R/*-F is 0-dimensional, which 
means F G ^Pero(X/y). This implies that 

ch3(F) = length R/,F > 0. (116) 

On the other hand, the definition of m{(3) implies ch^lOc) > m{f3). Hence by flll5p and 
(11161) . the inequality n > m{(3) holds, i.e. {n, (3) G Sx- 

Also if (n, /3) G Fo, then the curve C in the sequence (11151) satisfies /*[C] = 0, hence 
we have H^{Oc) = 0. This implies that ch3(Cc) = x{Oc) > 0, hence (n,/3) G Tx holds. 
If cl{E) = {—n, —(3,0), then the same argument shows that E = F[—l] for F G and 
Supp(F) C Ex(/). Hence ch3(F) > 0, and (n,/5) G Tx follows. 

Finally we check the last condition of Assumption 14.81 Let A be the set of pairs {k, j3') 
of k E Z and an effective class /?' G Ni{X). For A = {k,(3'), we set 

S^ = {{n,P) E S ■.n>kii (3 <[3'}. 

Then {SaIasa gives a desired family. □ 
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6.4 Proof of Proposition 14.101 

Proof, (i) By Proposition I4.9[ it is enough to check the third and the fourth condition 
of Assumption I4.8[ For cr^ G Ux,b, let us take an object E G C^^{I) with c[{E) = 
(— n, —f], 1). We check that (n, /5) G ^Sx/y- We have an exact sequence in Ax, 

— >E' — >E — >F[-1] — ^0, (117) 

for F G ^J-' and E' G ^T' by the existence of the torsion pair fHUj) . By the condition 
E G C^{I), we have F[l] G PPero(X/y), hence w = (ch3(F), ch2(F)) satisfies 

ch3(F)>0, M^)>0, (118) 

by Lemma 16.11 below. On the other hand, since E' G ^T' C ^Bx/y, we have the exact 
sequence in ^Bx/y, 

— >A — yE' — >A'[~1] — (119) 

with A G ^Per>2(X/y) and A' G ^Per<i(X/y). Taking the long exact sequence of 
cohomology with respect to the t-structure with heart Ax, we see that A G Ax and 
obtain the following exact sequence in Ax, 

^ n-\B)[-l] ^A — >E' ^ n%B)[-l] 0. 

By f lll7p and the condition E G Co-^{I), we conclude that W{A') are supported on fibers 
of /, hence A' G ^Pero(X/y) follows. Therefore v' = {ch.3{A'),ch.2{A')) satisfies 

ch3(A')>0, Px{v')>0, (120) 

by Lemma [nm By Lemma TS. 31 the object A G ^Per(X/y) fits into the exact sequence in 
fPer(X/r), 

— > A — >Ox — > A" — . 0. 
Applying R/*, we obtain surjections in Coh(F), 

Oy ^ Rf,A", f, R/*(A" ® P^'^). 

Combining (11181) and (I120p . v = {n, [3) satisfies 

n > x(R/*A") > mU.f3), 
^X{v) > x(R/*(A" ® P^'^)) > Pm(r(p) /,/?), 

which implies (n, /?) G "^Sx/y- A similar proof shows that if (n, /5) G Fq, (or cl(-E) = 
(-n, -AO),) then (n,/?) GT^/y. 

(ii) As for the sixth condition of Assumption 14.81 a similar (and easier) proof to 
(i) works, and we omit the detail. Here we check the forth and the fifth conditions of 
Assumption 14.11 
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Step 1. For v eT with rk(f ) = 1 or v E Tq, the stack of objects 

Obf{PBx/Y) C Mo, 

is an open substack of Aio- 

Proof. Note that the category ^Bx/y is equivalent to the category, 

(P/l'^,Coh<i(PAy))e., 

via the equivalence (IHUj) . Then we can apply the same argument of pUi Lemma 3.15] for 
the non-commutative scheme (y, My), and obtain the result. □ 

Step 2. Take = {Z^^^Bx/y) E ^Ux/y o-nd f G F with rk(f) = 1 or v E Tq. Then the 
substack 

M'^ia^) C Ohj^i^Bx/y), 
is an open substack and it is of finite type over C. 

Proof. As in the proof of Lemma 3.15], it is enough to show the boundedness of 
(j^-semistable objects of numerical type v. This follows by the same argument as in [3H 
Section 3], applied for the non-commutative scheme (F, My). We leave the readers to 
check the detail. □ 

□ 

We have used the following lemma. 
Lemma 6.1. For F e PPero(X/r), set v = (ch3(F), ch2(F)) e iV<i(X). Then we have 

cMF) > 0, ^xiv) > 0. 

Proof. For F G ^Pero(X/y), we have 

RHom(Ox ©^^',i^) e Coho(r), 

by the equivalence (!30l) . Therefore by Riemann-Roch theorem, we have 

ch3(F) = length RHom(C»x,i^) > 0, 
Px{v) = length RHom(?'^',F) > 0. 

□ 
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7 Appendix 



7.1 The formula for the Euler characteristic version 

Applying the result of |30|, Section 4] and the method in this paper, we can also show the 
Euler characteristic version of our main result. 

Definition 7.1. We define i5t(X), i5t (X/F), i5t (My), l5To(My) as follows. 

DT(X) = 5^x(/n(X,/3))xV, 

BT{X/Y)= J2 x(/n(X,/3))xV, 

n,/./3=0 

DT(My) = 5^X(/n(My,/5))xV, 

DTo(My)= x(/n(My,/?))xV. 

nj,l3=0 

The following theorem can be proved along with the same proof of Theorem 15.61 
Theorem 15.71 and Theorem 15. 8^ using [3U1 Theorem 3.13] instead of Theorem 14.41 

Theorem 7.2. We have the following formula, 

m:{x/Y) 

DTo(Ay) 

DT(X) 
DT(X/r) 

7.2 GeneraUzation of global ncDT-invariants 

The non-commutative Donaldson- Thomas invariant can be defined in a slightly general- 
ized context. Let / : X —>■ Y he a. projective birational morphism from a smooth projective 
Calabi-Yau 3-fold X, satisfying dim f~^{y) < 1 for any closed point y &Y. Here we do 
not assume that / is isomorphic in codimension one, so there may be a divisor E G X 
which contracts to a curve on Y. The result of Van den Bergh [7] can be applied in 
this situation, i.e. there are vector bundles on X for p = 0, —1, which admit derived 
equivalences, 

f$ = Kf,Knom{PS, *) : D\Coh{X)) ^ D^(Coh(*'Ay)). (121) 

The abelian subcategories PPeT{X/Y) C D^{Coh{X)) is also similarly defined, and ^$ 
restrict to equivalences between ^Per(X/y) and Coh(My). As in subsection 12. 9[ we can 
construct the moduli space of perverse ideal sheaves /„(My, /?), and the counting invariant, 

Mn,/3 = / 1 G Z. 

^The result of [301 Theorem 3.13], hence Theorem 17.21 does not rely on [3]. 



= io0,DT(X+/F), 

= jyT{X/Y) ■ (pJyT\x+/Y), 
_ i5T(My) _^ i5t(x+) 

l5To(My) *jyT(X+/Y)' 
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The generating series DT(My), DTo(My), DT(My) and DTo(My) are similarly defined 
as in Definition 12.371 Definition 17.11 The following theorem can be proved along with the 
same proof of Theorem 15.81 and Theorem 17.21 



Theorem 7.3. We have the following formula. 

DT(X) _ DT(PAy) i5t(X) _ l5T(PAy) 
DT(X/r) " DTo(My)' DT(X/r) ~ DTo(My)' 
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